ABSTRACT Low-cost and portable magnetic resonance imaging (MRI) may make this imaging modality more accessible. Permanent-magnet-array is an option to supply a static magnetic field (B-field) with portability, low cost, and no power consumption. However, it has low field strength. Moreover, it does not have linear gradients, thus the signals and the images are not linked by the Fourier transformation as they are in a conventional system. The B-field generated by an array and called spatial-encoding-magneticfield (SEM), is spatially non-linear and always on. Such an SEM, in terms of the field strength, direction, homogeneity, pattern and its field pattern variation, is related to the image quality. This relation is crucial because it can be used to guide the magnet and system design for high image quality and portability. However, it has not been systematically studied. In this paper, the characteristics of the SEMs from different magnet array designs are identified. Due to the non-linearity of the SEMs, local structural similarity (SSIM) index is proposed to evaluate the region-dependent image quality, and local k-space is applied to analyze the regiondependent effects of these SEMs on image reconstruction. Moreover, point spread function is applied to analyze the overall effect of the SEMs on the quality of reconstructed images. Besides the intrinsic effects of the SEMs, those of the external factors, e.g. the receive coil sensitivity, are analyzed. This study identifies the unique characteristics of the SEMs in a permanent-magnet-array-based MRI system, and offers methods to analyze the unique relation between the image quality and the field. It can not only guide the magnet designs but also trigger more design ideas, e.g., the design of the mechanical movement of the magnet array, and that of the static magnetic field shimming coils, paving the way towards a low-field MRI system with practical portability.
I. INTRODUCTION
Magnetic resonance imaging (MRI) shows the advantages of good soft tissue contrast, non-ionizing radiation, a capability to image an arbitrary plane, etc. It is a unique medical imaging modality that is important to diagnoses and treatments of a wide range of diseases, which other imaging modalities, such
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as ultrasound and computed tomography (CT), cannot offer with a similar level of tissue contrast and/or a similar level of safety. However, a superconducting-magnet-based MRI scanner, commonly seen in a hospital, takes multiple rooms to sit the whole system, and it is costly to purchase and maintain with a purchase price approaching one million U.S. dollars per Tesla (T) of the main magnetic field.
For a conventional MRI scanner (superconductingmagnet-based or permanent-magnet-based), because it is bulky, normally with a weight of greater than 10 tons, it cannot support in-time and on-site medical imaging, for example, in the situations when space, electric power, and other resources are limited, such as imaging the wounded after a natural disaster, imaging casualties in a military field hospital, or imaging at remote locations or in rural areas. Again, because of the bulkiness, current MRI scanners cannot provide imaging in Intensive Care Units (ICU) where there are dangers associated with transporting patients. Moreover, due to a high cost, it is not affordable by every patient who needs it, neither by those who need it regularly, e.g., the patients after treatments who need regular and repeated scans for monitoring the effects of the treatments. For the same reason, an MRI scanner is normally not available for a community hospital or a clinic in a village. A portable (trolley-portable or man/woman-portable), low-cost MRI system with a reasonable imaging volume for scanning human and with low power consumption is attractive.
What makes a conventional MRI bulky? In a commercial MRI human scanner in hospital, a magnet and gradient coils provide high-strength homogeneous main magnetic field (B 0 -field, with relatively high magnetic field from a superconducting magnet and a relatively low one from a permanent magnet) and switchable spatially linear varying encoding magnetic fields (linear gradient fields with constant gradients), respectively. Therefore, the local resonance frequencies are directly mapped to the spatial coordinates thus Fourier imaging method can be applied for image reconstruction. In such a system, a high field strength of B 0 is desired because it leads to a high signal-to-noise ratio (SNR), and a high gradient is preferred since it results in a high image resolution. On the other hand, the range of gradient fields is controlled to be small which corresponds to a narrow frequency bandwidth, and a high quality-factor (Q-factor) of the radiofrequency (RF) system, including the RF excitation, RF transmit and receive coils, and RF reception. In a conventional MRI system, when Fourier imaging method is used, the B 0 -field provided by a magnet is required to be less than a few parts per million (ppm) in the imaging volume/field of view (FoV), normally of a size of 40 × 40 × 40 cm 3 to 50 × 50 × 50 cm 3 for a decent whole-body scan. High homogeneity of B 0 in a body-size volume is normally obtained at a price of a large and heavy magnet (either superconducting magnet, electromagnet, or permanent magnet) where a lot of shimming structures are needed. Moreover, in the cases where a superconducting magnet or an electromagnet is used, the magnet requires a complex cooling system that takes up space and electric power. Gradient coils that supply gradient fields require extra space and electric power to function, and extra power to cool down the coils. Higher the linearity, higher the voltage and currents gradient coils require, [1] .
It is challenging to realize the portability for MRI with relatively high image quality. The reason is that, under the conventional linear encoding scheme with a Fourier imaging method, a high homogeneity with a relatively high field strength is needed, which in turn translates into the need for a large magnet. To pursue portability for MRI, a new paradigm is needed where the requirement on the field homogeneity can be relaxed which may lead to a simplification and miniaturization of the hardware, e.g. the magnet, gradient coils, etc. Great breakthrough in the encoding scheme, the magnetic field configuration (which decides the design of a magnet), and the corresponding image reconstruction technology are crucial. In the next paragraph, the major research efforts towards the portability of an MRI system were reviewed. In this paper, the focus is the analysis of the characteristics of unconventional encoding fields, i.e. non-linear encoding fields, for imaging in a permanent-magnet-arraybased system under a new nontraditional MRI paradigm.
In the history of the development of MRI systems, open MRI scanners offer flexibility for scanning, and the sizes are reduced from that of a long-bore scanner. However, they are still of room size (at least a room of 30 m 2 is needed), heavy, and expensive. The body part specific MRI scanner, where the magnet and the corresponding hardware (gradient coils, and RF coils) are built around the body part under scanning (e.g., a human head) [2] - [4] , shows the effectiveness for weight reduction. It helps to bring down the weight of the system from tens of tons to less than 250 kg (0.25 ton) by using either permanent magnets [2] or superconducting magnets [3] , [4] , when traditional Fourier imaging method is applied requiring the homogeneity of the B 0 -field and the linearity of the gradient fields. Compared permanent magnets to super conducting magnets, no cooling system is needed, and there is no power consumption. Meanwhile, it is less expensive. Therefore, a permanent magnet can be a good candidate to lower the cost of an MRI scanner. However, a permanent magnet is still large and heavy when the field homogeneity has to be guaranteed for Fourier imaging (using linear gradient field and Fourier transform). A scanner using a permanent magnet array (e.g., a C-shaped array) to have a strength of 0.35 T with homogeneity in an FoV of 40 × 40 × 40 cm 3 has a weight of 17.6 tons [5] . When the FoV is reduced to 14 cm in each dimension for a homogeneous field for arms or legs, the weight of the magnet can be reduced to 1.4 tons, which is still heavy to move around [2] , [6] . On the other hand, when a C-shaped permanent magnet array is scaled down to a table-top size, the FoV has to shrink to a volume of 1.27 × 1.27 × 1.90 cm 3 [7] which is not practical to image most of body parts.
With no power consumption, no cooling systems, and low cost, permanent magnets/permanent magnet arrays are attractive as the source of the main static magnetic field for MRI imaging. However, for decades, with a traditional setup and imaging methods where homogeneous B 0 -field and spatially linear gradient fields are generated by a magnet and electrical gradient coils, respectively, permanent magnets that supply B 0 -fields are inevitably large to achieve a field homogeneity that is needed in an FoV for body imaging. Consequently, they cannot offer a portable solution for imaging human.
Recently, MRI image reconstructions based on nonlinear gradient field have been proposed to overcome the physiological side-effects of the conventional spatial linear gradient setup, i.e., to reduce peripheral nerve stimulation [1] , [8] . One example of the approaches based on a non-linear gradient field is the PatLoc (Parallel imaging technique using Localized gradients) imaging, where localized nonlinear gradients work with parallel imaging [9] - [13] using a traditional pulse sequence framework in a superconducting magnet [1] , [14] - [16] . The gradient field patterns vary from octopolar [1] , arbitrary shaped and curvilinear [14] , multipolar [17] , to an O-shaped (with transformation for O-space imaging) [15] , [16] . In these approaches, gradient fields without spatial linearity are used to encode the phases of MRI signals for imaging. Such fields are named spatial encoding magnetic fields (SEMs) [1] , to distinguish from the term gradient/gradient field, which has been used to describe the gradient fields with a linear pattern (i.e., a constant gradient) along Cartesian coordinates in a conventional MRI scanner. The SEMs in the PatLoc framework have a range of less than 1 mT, being added to a strong and homogeneous B 0 -field generated by a superconducting magnet for signal encoding. They are generated by coils with currents, thus, they are switchable and compatible with existing pulse sequences [14] .
With the progress in image reconstruction based on nonlinear gradient fields, an inhomogeneous B 0 -field can be used as an SEM, which can be seen as the sum of a homogeneous field and a gradient field. This means that the requirements on B 0 -field homogeneity can be relaxed. Consequently, if a permanent magnet/magnet array is used to provide such a B 0 -field, i.e., the SEM, the size and weight of the magnet/magnet array can be reduced and the imaging volume can be increased, offering opportunities to construct a truly portable (i.e., man/woman-portable) low-cost MRI scanner for human scanning. Moreover, gradient coils can be removed, which will significantly simplify the system. In [18] , a long Halbach-type magnet array was designed to provide an SEM for head imaging. In [19] and [20] , [21] , a short Halbach-type array and inward-outward (IO) ring-pair magnet arrays were proposed to provide an SEM for twodimensional (2D) head imaging, respectively. These magnet arrays to supply SEMs for MRI were designed based on known magnet arrays that were designed for different purposes. In the literature, a cylindrical Halbach was proposed for focusing particle accelerator beams [22] , [23] , whereas magnet rings/ring pairs, such as those proposed by E. Nishino [24] , G. Miyajima [25] , or G. Aubert in [26] , were designed to have intense and homogeneous magnetic fields for NMR/MRI.Besides Halbach arrays and IO ringpair arrays, there are other cylindrical magnetic arrays being proposed for MRI theoretically [27] , [28] .
In an MRI scanner with expected portability and reduced cost when a permanent magnet/magnet array is used to generate a spatially non-linear SEM, the SEM has unique characteristics compared to those reported in the PatLoc framework. Such an SEM is always on and its variation is not obtained by electrically switching but by, for example, mechanical movements. The configuration of magnets determines the field strength, the field homogeneity, and the field pattern, i.e. distributions of fields. Both the field strength and the field pattern determine the SNR and the resolution of the system [14] . Different magnets/magnet arrays offer different field patterns [29] . In [29] , a comprehensive review is offered on permanent magnets and permanent magnet arrays with different configurations that generate different magnetic field patterns and can possibly be used as SEMs. For a specific field pattern, it may need a specific set of mechanical movements to acquire a field pattern variation in the FoV for imaging, and may take certain reconstruction algorithms, which will lead to different imaging qualities and/or different acceleration of the reconstruction.
In this paper, the characteristics of SEMs generated by different permanent magnet arrays are identified. The effects of these encoding fields and their pattern variations on image reconstruction are detailed. The field patterns under study start from those generated by the known designed permanent magnet arrays, and are generalized to three patterns that represent some of the main types of field patterns, and can be obtained based on known magnet designs. Besides the intrinsic effects of this kind of SEMs, those of external factors, i.e. the measurement discrepancy of the encoding fields, the signal noise, as well as the coil sensitivity, on the quality of the reconstructed images are analyzed and discussed.
This paper consists of four main sections, I Introduction, II Theory & method, III Further investigation of generalized magnetic field patterns, and IV Conclusion. In Section II, the signal equation and SEM, the characteristics of the SEM generated by a permanent magnet array, and the parameters for analysis of such a system are introduced in detail. In Section III, the magnetic fields that are generated by the known permanent magnet arrays are generalized to four magnetic field patterns (off-concentric, off-centric elliptic, quadrupolar, and linear). They are further investigated in terms of the effect of field patterns and their variations on the image reconstructions. Moreover, the effects of the external factors, such as the measurement discrepancy of the encoding fields, the signal noise, as well as the coil sensitivity are presented and discussed. The insights gained from both the effects of the four generalized SEMs and those of the external factors on image reconstruction in Section III could be used to guide the understanding of the relation between the SEMs generated by the known permanent magnet arrays in the literature, e.g. those in Section II, and the quality of the reconstructed images. Finally, a conclusion is drawn which summarizes this investigation.
II. THEORY & METHOD
The theories and methods of applying the magnetic fields, which is generated by a permanent magnet array, as SEMs for MRI imaging are detailed in this section. [14] (b) a radial sequence in a conventional MRI system with spatially linear gradient fields or in a PatLoc framework with PatLoc SEMs [17] , (c) a pulse sequence in an MRI system when a permanent magnet array is used to supply the SEM. a permanent magnet array), and the parameters for analysis of such a system.
A. SIGNAL EQUATION & B µ SEM
The signal equation in an MRI system that has multiple receiver coils can be expressed as,
where r is the position vector, the subscript α indicates the α th receive coil, m is magnetization in an object under scan, c α is the sensitivity map of the α th receive coil which encodes the amplitude of the signal, γ is the gyromagnetic ratio, (r, t) is the encoding phase that is expressed as Eq (2) and B SEM (r, t) is the magnitude of B SEM (r, t), the magnetic field distribution which may consists of the magnetic field B µ SEM (r) generated by permanent magnets (µ indicates that it is supplied by permanent magnets/a permanent magnet array) and/or the gradient fields from gradient coils, G(r, t). The bold letters in this content correspond to vector quantities whereas the normal ones correspond to scalar quantities. B SEM (r, t) can be expressed as follows,
When B SEM is non-bijective, the parallel imaging techniques with multiple receive coils [9] - [13] can be adapted to disambiguate the encoding. In a conventional parallel imaging setup with spatially linear gradients, B Linear SEM (r, t) is expressed as,
where I x and I y is the current in G x and G y . B SEM (r, t) in such a system is supplied by linear gradient coils that can be electrically controlled. Fig. 1 (a) shows a pulse sequence when linear gradients are used and a Cartesian k-space can be filled up, a Cartesian sequence, whereas Fig. 1 (b) shows one of using linear gradients to fill up the k-space radially, a radial sequence. In a PatLoc setup, B SEM can be expressed as follows:
B PatLoc SEM (r, t) in a PatLoc system, which is also called PatLoc fields [1] , is not spatially linearly distributed. It can be generated by coils controlled by currents, such as the three rung Cho design [30] . Due to the nature of a surface coil, a PatLoc SEM normally has spherical or cylindrical geometry including multiple field maxima and minima. In [17] , two orthogonal quadrupolar SEMs (SEM 1 and SEM 2 ) were proposed to used in a radial sequence (as shown in Fig. 1 (b) ) for imaging. As shown in Fig. 1 (b) , SEM 1 and SEM 2 of different strengths are superposed, which is equivalent to a rotating quadrupolar SEM for encoding and imaging.
In a permanent-magnet-based MRI system, when the magnetic field (B µ SEM (r)) supplied by magnets/a magnet array is inhomogeneous, it plays the role of both the main magnetic field (B 0 ) and the gradient fields. Therefore, B µ SEM (r) can be expressed using a homogeneous B 0 and a static gradient field (time independent) with a spatial distribution, G µ SEM (r), as follows,
To design an MRI system with portability, removing gradient coils helps to simplify the hardware [18] . Based on Eq (3), in a portable system, B SEM is expressed as follows,
Thus, B Portable SEM (r) does not change with time. To enable imaging, in a cylindrical setup, such as a sparse dipolar Halbach cylinder [18] (also called an ''NMR Mandhala'' [31] ) or an IO ring-pair assembly (also called a ring-pair magnet array [20] or an irregular-shaped ring-pair magnet array [21] ), a magnet array is rotated in the θ−direction to obtain a field pattern variation. For a magnet array in general, a field pattern variation can be obtained by other mechanical movements of the magnet. VOLUME 7, 2019 FIGURE 2. Three permanent magnet arrays reported in the literature for MRI, a Halbach array [18] , an IO ring-pair magnet array with ring pairs of different inner and outer radii [20] , and an irregular-shaped ring-pair array with tapered ring-pair segments [21] . The magnets are in grey, and the surface coils are in yellow. Fig. 2 (a), magnet bars are arranged around the side wall of a cylinder with the direction of magnetization of each bar arranged in the way that there is a dipolar field inside the bore and negligible fields outside the bore. Two end rings formed by magnet cubes inside the cylinder are for shimming the fringing fields. A ring-pair magnet array proposed in [20] , as shown in Fig. 2 (b) , consists of multiple ring pairs [25] , [26] with different inner and outer radii. For a single ring pair, it has one ring that has the magnetization pointing radially inward and the other one pointing radially outward. A ring pair with such a configuration was first proposed by G. Miyajima in 1985 [25] where the inwardly polarized ring was first introduced by E. Nishino in his patent in 1983 [24] . The ring pair was extended to a two-ring-pair structure by G. Aubert in 1991 to obtain a homogeneous field for MRI [26] . This design was further extended to 10 ring pairs to generate a relatively strong SEM with a relatively low inhomogeneity for non-linear imaging for MRI in [20] . In [20] , such a ring pair is called inward-outward ring pair (IO ring pair) to identify its characteristics. On top of the IO ring-pair magnet array design where the radii of ring pairs are varied, an irregular-shaped ring-pair array, as shown in Fig. 2 (c) was proposed in [21] to obtain a field monotocity along a single direction which has ring segments with tapered sizes in the θ−direction.
The rotation is quantified using an angle θ on the transverse plane as shown in Fig. 2 for these three cases. In a Halbach array, as shown in Fig. 2 (1) can be re-expressed for an MRI system with a rotating cylindrical magnet array as,
By the nature of permanent magnets which is always on, B µ SEM inherently cannot be turned off. Fig. 1 (c) shows the pulse sequence for an MRI system with a rotating cylindrical magnet array for a 2D FoV. As can be seen, the sequence reflects the fact that the SEMs are continuously on. In Fig. 1 (c) , different horizontal lines represent the signal excitation and acquisition when the magnet is rotated at different angle θs. When permanent magnets are used, there is much less control on the gradient fields in time domain for image reconstructions compared to those using coils [1] , [14] , [17] . It should be noted that, for a magnet array in general, a field pattern variation can be obtained by other types of mechanical movements, and the horizontal lines in Fig. 1 (c) correspond to the magnet array at different locations/orientations that is denoted as ξ , leading to B µ SEM (r, ξ ). Different magnets generate different field patterns. For certain field patterns, such as a quadrupolar field pattern [17] , a rotating SEM can be decomposed into a linear combination of two orthogonal encoding fields where a direct back-projection method can be applied. However, different from a field pattern generated by coils, the pattern of a fabricated magnet array can be different from the designed one. This can be due to the imperfection of fabrication or/and variation of quality of magnets from one to another. As a result, it increases the variety of the encoding field patterns. Consequently, a well-behaved field pattern, e.g., an ideal quadrupolar field pattern, may not be guaranteed. For this reason, iterative matrix methods on time domain are used for reconstruction rather than the methods [17] that require certain well-behaved field patterns [15] , [32] .
When iterative matrix methods are applied for image reconstruction, the FoV and time are discretized. Following Eq (8), the n th t sample-point of a signal at the n θ th angle can be expressed using a summation as follows, (9) where n r is the index of the position in the FoV, n θ is the index of the rotation angle ranging from 1 to N θ , N θ θ = θ Max is the maximum rotation angle, N r N r is the total number of pixels in the FoV, t is the dwelling time, and θ is the step of rotation. Therefore, the image can be reconstructed by solving the following linear system, s =Ēm (10) wheres is a N t N α N θ column vector (N t , N α , and N θ are the number of the total sample points, the number of receive coils, and the number of rotations, respectively),
andm is a N r N r column vector for the magnetization of the object under scan. Based on Eq (9) and Eq (10), the entry on the n th row and the m th column ofĒ, e mn , can be obtained using the following equation,
which corresponds to the α th receive coil, the n th θ rotation angle, the n th t time moment, and the n th r position. In Eq (11), the role of coil sensitivity (c α ) and that of B µ SEM for encoding are seen, which is for encoding the amplitude and the phase of the signal, respectively.
Next, the characteristics of B µ SEM generated by different magnet arrays are presented. The effects of these encoding fields on image reconstruction are detailed. The field patterns generated by the Halbach magnet array, the IO ring-pair magnet array, and the irregular-shaped IO ring-pair magnet array in Fig. 2 are used as examples for the investigation.
B. THE CHARACTERISTICS OF
SEM that is supplied by a magnet array has the characteristics that it is always on, the pattern is determined by the configuration of the magnets, and a field pattern variation can only be obtained by mechanical movements. The characteristics of B µ SEM will be illustrated by using those generated by the reported magnet arrays for MRI in Fig. 2 . Fig. 3 (a), (b) , and (c) show the field patterns generated by a Halbach, an IO ring-pair magnet array, and an irregularshaped IO ring-pair magnet array, respectively. All were designed with an FoV with a diameter of 20 cm for 2D head imaging. The details of the magnet arrays are tabulated in Table 1 where the dimensions of the arrays are labeled in Fig. 2 . As shown in the table, the sizes of the magnet arrays are comparable although the IO ring arrays are much heavier, which is due to the high filling factor when magnet rings or magnet ring segments are used. The magnetic field generated by the Halbach array is pointing in the ρ−direction whereas those of the other two are in the z−direction. When the magnetic field is in the ρ−direction, the sensitivity of receive coils may be compromised when the coils are placed VOLUME 7, 2019 FIGURE 4. The normalized coil sensitivity maps of (a) Coil 1 in Fig. 2, (b) the eight surface coils in a Halbach array when B µ SEM is in the y-direction, (c) the eight surface coils in an IO ring-pair array. on the inner wall of the cylinder, which are for amplitude encoding of the signal for a non-bijective SEM [18] . This will be discussed in detail next. The average field strength of the IO ring-pair array is almost twice of that of the Halbach array at a price of a much higher inhomogeneity. When the ring pairs are discretized into segments and tapered to obtain a field monotonicity along a single direction, comparing to the ring-pair array, both the field strength and the homogeneity are compromised (the field strength decreases by 20.9% and the inhomogeneity increases by 110.8%). A high inhomogeneity leads to a stringent requirement on the bandwidth of the RF system, i.e., a wide bandwidth is needed. It is an issue that needs to be addressed, and there are research work on wideband RF circuit components and coils [33] , [34] . However, it is not in the scope of this study, and it is not detailed here.
In a cylindrical magnet array, a field pattern variation is obtained by a rotation in the θ−direction. In such a setup, the efficiency is closely related to the direction of B µ SEM . When B µ SEM is along the ρ−direction on the transverse plane as a Halbach array does, for a specific receive coil, an angle of 90 o between B − 1 (the dynamic magnetic field of a receive coil) and B µ SEM may not be guaranteed, which compromises the sensitivity of the coil, c α , in Eq (1), Eq (8), Eq (9), and Eq (11). Fig. 2 (a) and (a1) shows this situation. In Fig. 2 (a) and (a1), a receive coil (Coil 2 which is labelled as Rx 2) is placed on the inner wall of the magnet array, with its axis 45 o away from the negative y−axis. As we can see from the front view in Fig. 2 (a1) , the direction of the dynamic magnetic field generated by the coil, B 1 , forms an angle of φ with B 0 from the Halbach array. Therefore, the effective amount of B 1 is its projection onto the direction that is perpendicular to that of B 0 . Therefore, B 1 and thus the coil sensitivity c α (c α ∝ |B 1 |) is compromised with a factor of sin(φ). With this, in a Halbach array, the entry to the encoding matrixĒ is revised as follows taking into consideration of the projection,
where φ α−n θ θ is the angle between the B 1 from the α th receive coil and the B 0 at the n th θ rotation angle. This situation of a Halbach system above was well documented in [18] . For an IO ring-pair system, B µ SEM is along the z−direction which always forms a 90 o with B 1 and leads to no compromises in coil sensitivity when the magnet rotates. Fig. 4 (a) shows the normalized coil sensitivity map of a single coil (Rx 1 indicated in Fig. 2 (a1) ), and Fig. 4 (b) and (c) show that of each receive coil in an eight-coil setup when θ = 0 o (pointing upward along the y-direction) for the Halbach ( Fig. 2 (a) ) and the ring-pair system (Fig. 2 (b) or (c) ), respectively. The eightcoil setup is shown in Fig. 2 (a) (3D view) and Fig. 2 (a1) (front view). In the setup, each coil is placed on the inner wall of a cylindrical magnet array, i.e., the side wall of the cylindrical FoV, with an axis 45 o apart from each other aligned with the ρ−direction of the cylinder. In Fig. 2 (a1) , the coils are indexed. coils in the Halbach system, when B µ SEM is in the y-direction, as can be seen in Fig. 4 (b) , a receive coil has nearly zero sensitivity when its B 1 is in parallel with B µ SEM (R × 1 and R × 5), a maximum sensitivity when B 1 is in perpendicular with B µ SEM (R × 3 and R × 7), and a sensitivity in between the maximum and zero in other cases. On the other hand, in an IO ring-pair system, as shown in Fig. 4 (c) , due to the fact that the orthogonality of B 1 and B µ SEM always holds when the magnet array rotates, each coil has the same sensitivity at θ = 0 o . To further illustrate this, Fig. 5 shows the average normalized sensitivity of a single coil (R × 1) at different rotation angles for the Halbach and the IO ring-pair system. As can be seen in Fig. 5 , the sensitivity changes sinusoidally with the rotation in the Halbach system while it remains as a constant in the ring-pair system when the magnet rotates. The non-constant sensitivity of receive coils in a Halbach system can be solved by introducing receive coils with B − 1 pointing in the z-direction provided that the B − 1 -field has a pattern that supplements the encoding of the corresponding SEM.
The field patterns that are used as an SEM for encoding, in terms of the gradients and bijectiveness, are directly linked to the quality of the image reconstruction. For the pattern generated from the Halbach array, as shown in Fig. 3 (a) , the pattern is dipolar which leads to a non-bijective encoding. For the ambiguous encoding, the application of parallel imaging techniques with multiple receive coils [9] - [13] is a remedy [18] . Moreover, the Halbach pattern has regions where the gradients are low or close to zero, which degrades the reconstructed images. The IO ring-pair magnet array with 10 ring pairs of different inner and outer radii [20] supplies a concentric field pattern, as shown in Fig. 3 (b) , which has a gradient along the ρ−direction and zero gradient along the θ−direction. An irregular-shaped IO ring-pair magnet array was proposed [21] on top of the ring-pair design with varied radii [20] by segmenting the rings and tapering their sizes along the θ−direction, in order to obtain a gradient with bijectiveness, i.e., monotoncity along a single direction. As shown in Fig. 3 (c) , the field generated by the irregular-shaped ringpair array decreases from left to right monotonically.
The three SEMs in Fig. 3 (a) -(c) were used to encode a 2D spin distribution (the Shepp-Logan phantom as shown in Fig. 6 ) to examine the effects of field patterns on image reconstruction. The number of rotation angle was set to be 64, θ Max was set to be 180 o . Eight surface coils with a diameter of 2.5 cm and a configuration as shown in Fig. 2 (a1) were used for signal reception. The resolution in the FoV is 128×128, and the SNR was set to be 100 dB. At each rotation angle, 128 readouts were collected for image reconstructions. Fig. 3 (a1) -(c1) shows the numerically reconstructed images. The quality of the reconstructed image is quantified using the normalized root-mean square error (NRMSE) and structural similarity index (SSIM) [35] calculated using Eq (13) and Eq (14) 
In Eq (13), x n r and y n r are the n th r element of vectorx andȳ that represent the reconstructed image and the reference image, respectively. In Eq (14), x ave and y ave are the average values of the entries inx,ȳ, respectively, σ 2 x and σ 2 y are the square deviation of the entries inx,ȳ, respectively, σ xy is the square deviation between the entries inx, and those inȳ, and L is the range of the entries inȳ. As can be seen in Fig. 3 (a1) -(c1) , the image encoded using the IO ring-pair array is the blurriest (NRMSE = 12.7%, SSIM = 0.51) whereas that using the irregular-shaped array is the clearest (NRMSE = 7.2%, SSIM = 0.73). The NRMSE and SSIM of the image encoded using the Halbach array are 6.9% and 0.68, respectively. A high gradient with monotonicity spatially and when the field pattern changes leads to an image with high quality. Fig. 7 (a) and (c) show the fields, and the gradients along the straight dashed lines of the field patterns in Fig. 3 (a) -(c) whereas Fig. 7 (b) and (d) show the fields and the gradients along two circular dashed lines with radii of 0.9 cm and 4.5 cm. The plots along the circular dashed lines also show the gradient with respect to the field pattern variation when the cylindrical magnet array is rotated for imaging (P 1 for the inner circle and P 2 for the outer circle). For the fields along the observation lines in Fig. 7 (a) and (b) , those of the Halbach array (within a range of 69.0 mT to 70.4 mT) are about half of those of the other two arrays (within a range of 90.0 mT to 140.0 mT). In Fig. 7 (a) , for the fields along the straight observation lines, both the Halbach and the IO ring-pair array show nonbijectiveness. The irregular-shape shows a monotoncity along the x-direction and a small variation along the y-direction. For the fields along the circular observation lines, as shown in Fig. 7 (b) , the Halbach array shows a sinusoidal field variation with two peaks along the outer circle while a constant field along the inner circle. For the IO ring-pair array, the field does not change in the θ−direction regardless the distance from the center of the FoV. For the irregular-shaped array, the field shows one peak along the circular line, and the peak decreases when the radius decreases (the circular line moves inward). These observed changes of the magnetic field along the circular lines in Fig. 7 (b) are the changes of fields at P 1 or P 2 with respect to the field pattern variation when the magnet rotates.
For the gradients of the fields along the observation lines, as shown in Fig. 7 (c) and (d) , the IO ring-pair array only has the monotoncity in the ρ−direction with a gradient of around 0.015 mT/mm, a zero gradient in the θ−direction, and equivalently a zero gradient with respect to the field pattern variation for both P 1 and P 2 . The lack of gradients in space and when the field pattern changes leads to serious degradation of the reconstructed image (as can be seen in Fig. 3 (b1) ). For the irregular-shaped array, as shown in Fig. 7 (c), it shows a monotonic variation of fields along the x-direction with a gradient of approximately 0.10 mT/mm. In Fig. 7 (d) , it shows a monotonic increase then decrease both along a circular observation line and equivalently for a fix point with respect to the change of field pattern (0.020 mT/ o ). This leads to a high quality of reconstructed images (as can be seen in Fig. 3 (c1) ). For the gradient of the Halbach array, as shown in Fig. 7 (c) , along the vertical dashed line, the gradients are low at the center, whereas along the horizontal line, the gradient is low along the whole line and it hits zero in the central region. For the change of the field along the θ-direction and equivalent the gradient with respect to field pattern variation, as shown in Fig. 7 (d) , the outer circle shows a repeated change of fields, so does the field at P 2 when the magnet rotates. The inner circle shows a nearly zero gradient, which is the same as that of the field at P 1 when the field pattern rotates. The contrast in the spatial gradient of this field pattern and that when the field pattern changes leads to the contrast of image quality between the central and peripheral regions of the reconstructed image (as shown in Fig. 3 (a1) ). 
C. PARAMETERS FOR SYSTEM ANALYSIS
When a magnetic field distribution generated from a permanent magnet array is used as an SEM for encoding, such as those in Fig. 3 (a) -(c) , due to the non-linearity in these SEMs, a k-space for the whole FoV, a global k-space, does not provide the flexibility to interpret the imaging properties of a particular trajectory with higher-order spatial encoding. However, when the FoV is divided into sub-FoVs, such as the 7×7 sub-FoVs as shown in Fig. 8 , a local k-space [36] can be obtained and can be useful to analyze the region-dependent spatial resolution of the reconstructed images when nonlinear SEMs are used. Based on the definition of k-space [37] , a k-vector in the k-space can be calculated through taking the gradient of the encoding phase of the signal as follows,
In this study, Eq (15) was applied to calculate the local k-spaces. In an MRI system where the SEM is generated by a permanent magnet array, based on Eq (2), Eq (5), and Eq (15), the k-vector in a sub-FoV, i.e., the local k-space, can be calculated using the equation below when the SEM is at the n th θ angle, k(r, t) n th
Besides a local k-space, the effect of SEMs on the quality of the reconstructed image can be further analyzed using point spread function (PSF). In the system where the SEM is generated by a permanent magnet array, PSF can be calculated using the following matrix product [17] ,
where the superscript H means conjugate transpose,Ē is the encoding matrix in Eq (10). An image obtained by a single pixel from the object multiplied by the PSF provides the imaging capability of the system in terms of how well it preserves the resolution of the pixel and how much alias it generates. As the encoding matrix is determined by both the coil sensitivity and the SEM based on Eq (11), the effect of the coil sensitivity to the quality of reconstructed images can be evaluated using PSF as well. Moreover, the image quality is non-uniform crossing over the FoV which is a result of a non-linear SEM. Therefore, localized SSIM (L-SSIM) which is an SSIM of a sub-FoV is introduced to evaluate the quality of the reconstructed images in such a system. This can be applied to the calculation of NRMSE, resulting in a localized NRMSEs (L-NRMSE). In this study, for each reconstructed image, the quality is evaluated by both a SSIM (called global SSIM to distinguish from a localized one) and L-SSIMs.
The encoding field pattern with rotation significantly affects the quality of the image. A well-designed field pattern with an optimized mechanical movement can improve the quality of the image significantly when they provide high spatial gradients and the gradient when the field pattern changes. In the next section, the relation of an encoding field pattern with a rotation, and a mechanical movement in general, and the image reconstruction will be further investigated and elaborated by generalizing the three field patterns from known magnet arrays in Fig. 3 to more general patterns that represent some of the main types of field patterns, and can be achieved based on known magnet arrays. The results of the investigation on the generalized patterns can be applied to analyze the SEMs generated by the known permanent magnet arrays, e.g. those in Fig. 3 , in terms of their effects on image reconstructions.
III. FURTHER INVESTIGATION OF GENERALIZED MAGNETIC FIELD PATTERNS
The three magnetic field patterns generated by the known magnet arrays in Fig. 3 are generalized to further study the effect of a field pattern in a permanent-magnet-array-based MRI system on the image quality. Using the generalized field patterns, this part of the study consists of the effects of field patterns and their variation, analysis using local k-space and PSF, and the effects of other factors, namely the measurement discrepancy of the encoding fields, the signal noise, and the receive coil sensitivity.
A. GENERALIZATION OF FIELD PATTERNS
As have been shown in Section II-B, the field pattern of an SEM significantly affects the quality of the reconstructed image. In the previous analysis, it has been shown that the VOLUME 7, 2019 pattern that has spatial monotonicity along a single direction (Fig. 3 (c) ) leads to much higher quality of the reconstructed image compared to the dipolar (Fig. 3 (a) ) and the concentric field (Fig. 3 (b) ). On the other hand, a high gradient with respect to the field pattern variation (the outer range in Fig. 3 (a) and Fig. 3 (c) ) leads to high quality in the reconstructed image as well.
A magnetic field can be generated by magnets with a certain configuration [29] . To obtain a desired field pattern, optimization of the configuration of the magnets (i.e., the shape, the size, the location, and the orientation) is needed. In the literature, genetic algorithm (GA) was applied to obtain a spatial monotonicity in a targeted FoV for a Halbach array through changing the configuration of magnet cubes [38] , and for an IO ring-pair magnet array through varying the sizes of magnet ring pairs [21] . Furthermore, shimming methods, such as introducing shimming magnet blocks, can be further applied to fine-tune the field pattern [18] . When the desired field pattern is close to one of those that can be generated by a known magnet array (e.g., a Halbach array, an IO ring-pair array), it is less complex to design and optimize a magnet array to realize the SEM in a low-field system. For this study on the effects of an SEM and the field pattern variation on the quality of image reconstruction, the field pattern is generalized from the three that can be obtained using the three known magnet arrays (the Halbach array, the IO ring-pair array [20] , and the irregular-shaped IO ring-pair array [21] ) to three types that can possibly be designed based on known ones. They are an off-concentric field with monotonicity in Fig. 9 (a) , an off-centric elliptical pattern with monotonicity in Fig. 9 (b) , and a quadrupolar field in Fig. 9 (c) . The field patterns in Fig. 9 (a) -(c) represent some of the main types of field patterns, and can be generated using the known cylindrical magnet arrays as a base, an IO ring-pair magnet array [20] with transformation, an irregular-shaped IO ring-pair magnet array [21] with modifications, and a Halbach array with a quadrupolar configuration, respectively. The field pattern variation is obtained through θ−rotations because of the cylindrical configuration of the magnet arrays. A linear magnetic field as shown in Fig. 9 (d) with rotations is included as a reference. Such a field pattern is typically used as gradient fields with a radial sequence (e.g., that in Fig. 1 (b) ) for imaging in a conventional MRI system.
B. EFFECTS OF FIELD PATTERNS & FIELD PATTERN VARIATION BY STEPPED ROTATIONS
The image reconstructions using the fields in Fig. 9 (a)-(d) for encoding were conducted to examine and compare the effects of these patterns and their variation by stepped rotations on the quality of image reconstruction. The mean field strengths of all the patterns were set to be 70 mT, and the maximum inhomogeneity is controlled to be 1 mT/70 mT (14300 ppm) to work with a practical bandwidth of the RF system (RF coils and the MR console). The FoV is a circular area with a diameter of 20 cm, the same as that in Section II-B. The number of sample points, dwell time, and the SNR was set to be 128, 2.5 µs, and 40 dB, respectively. The Shepp-Logan phantom in Fig. 6 was used. Eight receive coils with the configuration as shown in Fig. 2 (a1) and the field sensitivity of a single coil as shown in Fig. 4 were used. In the Halbach system, the variation of coil sensitivity due to the rotation of the magnet array was ignored for the simulations for this comparison, in order to see the effects of SEMs only.
The first row in Fig. 10 shows the reconstructed images when different field patterns were used for encoding, and the number of the rotation angles (N θ ) was set to be 64. The maximum rotation angles, θ Max 's, in the off-concentric, off-centric elliptic, quadrupolar, and linear cases were set to be 360 o , 360 o , 90 o , and 180 o , respectively. These maximum angles are optimized, and the selection of these angles will be discussed in Section III-C based on local k-space analysis. As can be seen, at N θ = 64, the linear case has the clearest reconstruction whereas the quadrupolar one has the blurriest one. For different field patterns, the image in the linear case shows similar spatial resolution over the whole map, the offconcentric and off-centric elliptic cases show relatively lower resolution at the center compared to that of the periphery region, while the quadrupolar case shows significantly lower resolution at the center compared to that in the periphery region. The image quality is non-uniform crossing over the FoV which is a result of a non-linear SEM. In this section, the L-SSIMs of the 7 × 7 indexed sub-FoVs in Fig. 8 were calculated. SSIMs are chosen over NRMSEs because they are less dominated by alias and reflect the quality of the image more. For the reconstructed images in the first row in Fig. 10 , the corresponding SSIMs, the global one indicated by A, and the local ones for sub-FoV of A44 and A64, are shown at the bottom of each image. The sub-FoV A44 and A64 are at the central and peripheral regions of the image, respectively. As can be seen for each image, the L-SSIMs at the peripheral region (A64) are all higher than that at the center (A44). Moreover, the quadrupolar case shows the largest difference between the quality of image at the central versus that in the peripheral region (A64 and A44) whereas the linear case shows the smallest difference.
The number of rotation angles was reduced to study its effect on the quality of image reconstruction for different field patterns. For this part of the study, the number of rotation angles is decreased while keeping the sampling points unchanged to explore the possibility of the acceleration of imaging for the permanent-magnet-array-based system. The maximum rotation angle, θ Max , was kept to be the same for each field pattern, i.e. θ Max = 360 o , 360 o , 90 o , and 180 o , for the off-concentric, off-centric elliptic, quadrupolar, and linear cases, respectively. The second and the third row of Fig. 10 show the reconstructed images when N θ was set to be 32 and 16, respectively. Fig. 11 shows the SSIMs of the reconstructed images (global and localized ones) versus N θ . When N θ decreases, as shown in both Fig. 10 and the global SSIM in Fig. 11 , the image of the quadrupolar case degrades the most (the steepest curve), whereas that of the off-concentric case preserves the quality the most (the flattest curve). In the case of the off-centric elliptic field pattern and the linear one, the qualities of image degrade significantly in a similar way when N θ decreases. For the change of L-SSIMs at A44 and A64 as shown in Fig. 11 , when N θ decreases, the L-SSIMs are preserved for all four cases at the central sub-FoVs whereas at the peripheral sub-FoVs, the L-SSIMs of the quadrupolar case drops significantly and the others drop slightly. In terms of the spatial distribution, when N θ decreases, it is observed in Fig. 10 that the contrast of the spatial resolution between the central area and the peripheral one still holds.
The results in Fig. 10 show that increasing the number of rotation angles is an effective way to improve the image quality when a rotated field pattern (shown in Fig. 3 (a)-(d) ) is used as SEM for imaging in a system using a permanent magnet array. When the number of rotation angles decreases, the extent of degradation in image quality depends on the field pattern. However, it does not change the relative spatial resolution within the FoV. When the number is small, it can be seen as an undersampled condition where increasing the number of sampling points may be helpful to compensate a reduced rotation angle to certain extent. The effect of the field pattern, and that of the number of rotation angles on the quality of the reconstructed image is closely related to the information in k-space that can be acquired during the imaging process. This will be analyzed by using local k-space next. As a side note on this part of the study, it should be noted that, although a large number of rotation angles leads to high image quality, the scan time increases.
C. LOCAL K-SPACE ANALYSIS
The local k-spaces were calculated in the 7 × 7 sub-FoVs shown in Fig. 8 for each field pattern in Fig. 3 (a) -(d) . The maximum angles, θ Max 's, in the off-concentric, off-centric elliptic, quadrupolar, and linear cases were set to be 360 o , 360 o , 90 o , and 180 o , respectively, and the number of rotation angles was set to be 16. The calculated local k-spaces are shown in Fig. 12 . The coverage of k-space in each region determines the spatial resolution in that region. For the linear case, as can be seen in Fig. 3 (d) , each sub-FoV has the same k-space coverage, which is the reason that the spatial distribution is even in the reconstructed images as shown at the fourth column in Fig. 10 . The other three cases all have better coverage at the periphery sub-FoVs and have the coverage area decreases towards the center. The quadrupolar case has the largest change in the coverage where the local k-spaces are well covered at the out most periphery sub-FoVs, and the coverage area at the central sub-FoV vanishes. This is the 
FIGURE 12.
Local k-space in the 7 × 7 sub-FoVs in Fig. 8 when the field patterns in Fig. 9 were applied as SEMs for imaging, N θ = 16, θ Max were set to be 360 o , 360 o , 90 o , and 180 o for the off-concentric, off-centric elliptic, quadrupolar, and linear cases, respectively.
reason that the reconstructed images in these three cases have relatively lower resolution at the center compared to that in the periphery region, and the image in the quadrupolar case shows the highest contrast in terms of resolution between these two regions. Moreover, it is observed that the coverage in the local k-spaces in the periphery regions are small in the off-concentric (less than half of the space) and the off-centric elliptic (about half of the space) cases, which explains why the spatial quality in the periphery regions of the images in these two cases are lower compared to that in the quadrupolar case.
FIGURE 13.
Local k-space in sub-FoV A64 (the peripheral region) and A44 (the central region) when the field patterns in Fig. 9 were applied as SEMs for imaging, N θ = 16, the maximum rotation angles (θ Max 's) were set to be 90 o , 180 o , and 360 o . Fig. 13 shows the local k-space in sub-FoV A64 (the peripheral region) and A44 (the central region) when the field patterns in Fig. 9 were applied as SEMs for imaging. The number of rotation angles was set to be 16, and the maximum angles were 90 o , 180 o , and 360 o . The grey boxes indicate the maximum rotation angles (θ Max 's) set for the study in other parts of this paper. For the peripheral region (A64), the k-space coverages increase dramatically when θ Max increases in the off-concentric and the off-centric elliptic cases. The quadrupolar pattern has full coverage when θ Max = 90 o , which is due to the quadrupolar repetition in the φ−direction of the pattern. For a similar reason, a maximum angle of 180 o leads to a full coverage in the linear case. Moving toward the central sub-FoV at A44, the linear pattern has the same changes in k-space coverage when θ Max increases, whereas those in the quadrupolar case vanish. For the coverages in the cases of the off-concentric and the off-centric elliptic patterns, a maximum angle of 360 o leads to a circular coverage confined at the center of the sub-FoV. As can be seen in Fig. 13 , the coverage of a local k-space depends on the field pattern and the maximum rotational angle. It is not necessary to have a θ Max of 360 o to guarantee the best coverage. The local k-space analysis can serve to decide an optimal θ Max for imaging.
In an MRI system when an SEM generated from a permanent magnet array is used for imaging, the field pattern and its variation define the trajectory of k-vectors in the kspace/local k-space. For a rotated field pattern studied in this paper, the local k-space is region dependent and the difference of coverage between the central and the peripheral areas depends on the field pattern. The quadrupolar field pattern has the largest difference between the two whereas the linear one shows identical coverages. The coverage depends on the maximum rotation angle as well. It is observed that, depending on the field pattern, the maximum rotation angle can be less than 360 o to have a good local coverage. In general, the field pattern variation can be obtained through different movements. Besides θ−rotations, it can be transformed along the x−, y−, and z−directions, a combination of θ−rotations and φ−rotations (if it is a hemispherical magnet array [39] ), and more general, a movement with a defined trajectory. Moreover, a variation of the magnetic field supplied by a magnet array can be obtained through adding electrical shimming components.
FIGURE 14.
The images with the PSFs of the two pixels, one at the center (0,0) (mm) and the other at the boundary of the phantom (−45,0) (mm), in an MRI system using the SEMs in Fig. 9 (a) -(d) . The coil sensitivity was set to be uniform, N θ = 16, θ Max were set to be 360 o , 360 o , 90 o , and 180 o for the off-concentric, off-centric elliptic, quadrupolar, and linear cases, respectively. The first row is for the central pixel and the second row is for the boundary one.
D. PSF ANALYSIS
The effect of SEMs and the pattern variation by mechanical movements on the quality of the reconstructed image in a low-field permanent-magnet-aray-based MRI system is further analyzed by using PSF. Two pixels, one at the center (0,0) (mm) and the other at the boundary of the phantom (−45,0) (mm) were chosen, and PSF was obtained using Eq (17) . The point source has a unit intensity. The coil sensitivity was set to be uniform to study the effect of the SEM only. The images with the PSFs of the two pixels in the systems using the SEMs in Fig. 3 (a) -(d) are shown in Fig. 14 where the first row shows the images for the point at the center and the second row shows those at the boundary. As can be seen in the first row in Fig. 14 , for the central pixel, the off-concentric, off-centric elliptic, and the linear case shows relatively confined corresponding imaged pixel, and the quadrupolar case shows the most spread out one, which corresponds to the highest and the lowest quality of the reconstructed images in Fig. 10 . The off-concentric, offcentric elliptic, and the quadrupolar cases have concentric spread out ring(s) with different intensities and radius near the pixel. The spread out rings near the pixel in the linear case are negligible in terms of intensity and size. Moreover, the central pixel contaminates the peripheral regions in all the cases with different intensity patterns, and to different extents through the rotation of the SEMs. The contamination leads to alias in the reconstructed images. The peripheral contamination in the quadrupolar case and the linear one have similar radial patterns. The former shows a more spread out rays and the later has more confined rays. The contamination from a central pixel in the case of the off-concentric and the off-centric elliptic case both show a net pattern rather than a radial one. The former has a denser and relatively confined net pattern, whereas the later one shows a sparse net pattern, contaminating the whole FoV. For the off-concentric case, it is observed that the peripheral contamination is negligible. This is closely related to the spatial gradients of the encoding fields and gradient when the field pattern changes which are used for encoding and become the channels of the contamination.
For the pixel at the boundary of the phantom, as shown in the second row in Fig. 14, similar to the central pixel, the off-concentric, off-centric elliptic, and the linear case shows relatively confined corresponding imaged pixel. For the quadrupolar case, rather than a spread out imaged pixel, it shows a symmetrically imaged pixel with respect to the y-axis. The symmetric point is due to the non-bijectiveness of the field pattern in this case. For the contamination to the rest of the FoV, both the linear and the quadrupolar case show a ray pattern away from the pixel. Moreover, the quadrupolar case has the rays away for the two symmetric pixels. The off-concentric and the off-centric elliptic cases show net-patterned contaminations. For the off-concentric case, the contamination of the pixel is widely spread out into the FoV (the right side with respect to the pixel) with the circular traces at different radii passing through the imaged pixel, which is owing to the rotational off-concentric SEM. It forms a net pattern when the traces are away from the pixel. The off-centric elliptic case shows contamination to the whole region with the elliptical traces passing through the imaged pixel, which is the results of the rotational offcentric elliptic SEM. It also forms a net pattern when the traces are away from the pixel. Due to the nature of the pattern of the SEMs, the off-concentric case only contaminates the region into the FoV whereas the off-centric elliptic case has the contamination spread out in the whole region. Comparing the contamination of a pixel at the center or the boundary, it is observed that the spatial gradient of the encoding fields and the gradient when the field pattern changes channel the contamination from a pixel to the other region in an FoV in a similar way.
Besides the effect of SEMs, PSF analysis can be used to analyze the effects of the coil sensitivity to the reconstructed images when the uniform coil sensitivity is replaced by those of surface coils that are non-uniform. This part of the study will be presented in Section III-E.
E. OTHER FACTORS
The effects of field patterns of SEMs on the quality of reconstructed images have been presented in detail through analyses using local k-space and PSF in the previous section. These effects on the image quality are intrinsic. However, besides these, there are other factors that can affect the images quality, such as the difference of the SEM when it is VOLUME 7, 2019 characterized/measured and that when the object/subject under scan is exposed to (called change of the SEM/the measurement discrepancy of the encoding field for short), the noise of the signal, and the coil sensitivity. They can be reflected in B, noise, and c α (r) (underlined) in the following equation based on Eq (8) for a system with a rotational cylindrical magnet array,
In a low-field system where a permanent magnet array is used, B µ SEM is measured before a scan for image reconstruction [18] , [19] . This measured B µ SEM is denoted as B µ−M SEM . However, the SEM that the object/subject under scan experiences, denoted as B
In the system, this discrepancy mainly has two sources. One is the thermal drift of the magnetic field of permanent magnets, and the other is the drift of the location during imaging from that during the measurement which is caused by the limited repeatability of the mechanical rotation of a cylindrical array. The mechanical drift is normally more prominent compared to the thermal one due to the fact that permanent magnets are relatively stable [40] . Fig. 15 shows the reconstructed images using the SEMs in Fig. 3 (a) -(d) (eight receive coils were used with the sensitivity of a single coil as shown in Fig. 4 (a) ) when the location of B µ−M SEM is 0.2 mm and 0.4 mm off from B µ−real SEM . As can be seen in Fig. 15 , the image in the linear case degrades the most with the change in the SEM whereas that in the off-centric elliptic case degrades the least. This implies that the system with a linear pattern is relatively vulnerable to a change in B µ SEM , whereas that with an off-centric elliptic pattern is relatively robust to this kind of change.
In terms of the noise coming from the system when the signal is acquired, Fig. 16 shows the reconstructed images with the same setup, using the four SEMs. Gaussian noise from the system is assumed. The noise with levels of 40, 20, and 10 dB was added to the signal. As shown in Fig 16, the off-centric elliptic case shows relatively higher robustness in a noisy system whereas the linear case shows the lest immunity to noise.
The effect of the coil sensitivity was studied using PSF. When an SEM is non-bijective, receive coils with nonuniform sensitivity in the FoV are used to eliminate the nonbijectiveness. Therefore, the quality of the image is affected by the non-uniform sensitivity of the coils, besides the SEM. When the coil sensitivity is set to be the map as shown in Fig. 4 (c) , in the systems using the SEMs in Fig. 3 (a) -(d), the images with the PSFs of the two pixels (the center point and the one at the boundary of the phantom at (−45,0)), shown in Fig. 17 , are acquired. The first row shows the images for the central pixel and the second row shows those for the pixel at the boundary. The effect of the coil sensitivity is investigated through comparing the corresponding subfigures between Fig. 17 and Fig. 14 . As can be seen, the coil sensitivity significantly suppresses the contamination from a pixel to the FoV through a rotational SEM regardless of the field patterns. It does not suppress the alias in the cental region for the central pixel well, which is explicable because the coil sensitivity is relatively low at the center. Moreover, it 
FIGURE 17.
is observed that the suppression of alias is less effective for the contamination from a quadrupolar field pattern.
In this section, four field patterns (an off-concentric, an off-centric elliptic, a quadrupolar pattern, and an ideal linear pattern) are generalized from the patterns presented in Section II which are generated by three known permanent magnet arrays reported in the literature (a Halbach cylinder, an IO ring-pair array, and an irregular-shaped IO ring-pair array). The effects of these four generalized SEMs and those of the stepped rotations on the quality of the reconstructed images are studied in detail using local k-space analysis and the PSF analysis. Besides, the effects of the external factors in the imaging process, the measurement discrepancy in SEM, the signal-to-noise ratio of the system, and the coil sensitivity, on the quality of reconstructed images are presented and discussed. The insights gained from both the effects of the four generalized SEMs and those of the external factors on image reconstruction in this section are helpful to guide the understanding of the relation between the SEMs generated by the known permanent magnet arrays and the quality of the reconstructed images, such as the difference in the image quality (globally and locally) in the Halbach system ( Fig. 3 (a1) ) and that in the irregular-shaped IO ring-pair array system (Fig. 3 (c1) ) presented in the previous section. Furthermore, the knowledge on the generalized patterns obtained here can be used to evaluate a SEM in terms of its performances on image reconstructions.
IV. CONCLUSIONS
This paper presents a detailed study on the characteristics of the encoding magnetic field generated by permanent magnet arrays, in terms of its effect on the quality of image reconstruction in an MRI system. The patterns from three magnet arrays reported in the literature, a Halbach cylinder, an IO ring-pair array, and an irregular-shaped IO ring-pair array, are investigated. These patterns are further generalized into three patterns that represent some of the main types of field patterns, and can be generated based on known magnet arrays, an off-concentric, an off-centric elliptic, a quadrupolar pattern, and an ideal linear pattern. They are non-linear (except the linear pattern), and when they are applied to encode MRI signals for imaging, the spatial resolution and image quality of different regions in the FoV vary. Therefore, local SSIM was proposed to evaluate the region-dependent quality of the image, and local k-space was used to analyze the regiondependent effect of the field patterns on the reconstructed image when they are rotated. The analysis using local k-space facilitates the understanding of the region-dependent spatial resolution of images using non-linear SEMs for encoding. In a setup when the SEM rotates for imaging, it guides the optimization on the number of the rotation angles and the maximum angle. Moreover, the point spread function was applied to analyze the overall effect of the SEMs. Besides the intrinsic effects of SEMs, the effects of the external factors, i.e. the measurement discrepancy in SEM, the signal-to-noise ratio of the system, as well as the coil sensitivity, on the quality of reconstructed images are presented and discussed. It is found that the linear pattern is relatively vulnerable to the measurement discrepancy in SEM and the system noise, whereas the off-centric elliptic one is relatively robust to these two factors. It is also found that the sensitivity of surface coil arrays effectively helps to eliminate the alias generated through a rotational SEM. The study on the generalized SEM patterns can be applied to analyze the effects of those generated by the known magnet arrays reported in the literature, on image reconstructions.
For the encoding fields generated by the known magnet arrays, a pattern that has a spatial monotonicity along a single direction in Fig. 3 (a) shows a higher image quality than the other two patterns (the dipolar pattern in Fig. 3 (b) and the concentric one in Fig. 3 (c) ). However, based on the further investigation on the four more general field patterns, the linearity in the field pattern does not always lead to a high image quality. It has found that an image encoded by a linear pattern has the quality degraded rapidly when the number of rotational angles decreases, besides its relatively high sensitivity to the measurement discrepancy in SEM and the system noise.
The movement of a magnet array in this study is limited to rotation, mainly because the magnet arrays under study are cylindrical. The movement of a magnet array can be extended to other types, depending on the ease of implementation, and the amount of information that can be acquired by a specific SEM, which can be analyzed and optimized by applying the methods proposed in this paper. The focus of this study is 2D imaging, the proposed study and analysis can be applied to explore the possibility of 3D imaging using permanent magnet array as a source of the static magnetic field.
This study identifies the unique characteristics of the SEMs in a permanent-magnet-array-based MRI system, and serves as an understanding of the relation between the image quality and the SEM. This will be useful to guide the design of a magnet array and its movement for high image quality of such a system. The study can be extended to guide the design of a magnet array with an additional shimming mechanism which can be consisted of electromagnets and/or permanent magnet blocks. It may trigger more design ideas, paving the way towards a low-field MRI system with practical portability.
